A detailed investigation of a set of custom quartz tuning forks (QTFs), operating in the fundamental and first overtone flexural modes is reported. Support losses are the dominant energy dissipation processes when the QTFs vibrate at the first overtone mode. These losses can be decreased by increasing the ratio between the prong length and its thickness. The QTFs were implemented in a quartz enhanced photoacoustic spectroscopy (QEPAS) based sensor operating in the near-IR spectral range and water vapor was selected as the gas target. QTF flexural modes having the highest quality factor exhibit the largest QEPAS signal, demonstrating that, by optimizing the QTF prongs sizes, overtone modes can provide a higher QEPAS sensor performance with respect to using the fundamental mode. 
Introduction
Laser-based spectroscopic sensors for trace gas detection have made significant progress in recent years as a result of major developments in optical sources and detector performance and these sensors now offer high sensitivity and selectivity, large dynamic range in concentration as well as non-invasive and in situ operation [1] . Detection schemes such as multi-pass absorption spectroscopy (MPS) [2] , cavity-enhanced absorption spectroscopy (CEAS) [3] and cavity ring-down spectroscopy (CRDS) [4] are well-established optical techniques. These optical techniques make use of coherent sources coupled to an optical cavity and take advantage of power build-up (CEAS and CRDS) or long optical pathlengths (MPS) occurring inside the cavity, resulting in increased detection sensitivities with respect to the standard direct-absorption spectroscopic approach. The detection of the optical signal is accomplished by using low-noise, fast optical detectors. Photoacoustic spectroscopy (PAS), on the other hand, is a sensitive gas-detection technique that does not require the use of optical detectors [5] . In PAS, the energy is accumulated by the target gas via absorption of modulated optical radiation and is converted into local heating by collisional processes, thereby creating pressure waves. This acoustic signal is then detected either by a microphone (conventional PAS) or by means of piezoelectric quartz tuning fork (QTF), both acting as acousto-electric transducers. This now well-established variant of PAS is known as quartz-enhanced photoacoustic spectroscopy (QEPAS) [6, 7] . QEPAS operation requires proper focalization of the excitation laser beam between the prongs of the QTF and modulation of the excitation source at a frequency matching one of the resonant frequencies of the QTF. Usually, readily commercially available QTFs with a resonance frequency at 32.78 kHz and a related quality factor of ~10000 in air are employed. QEPAS combined with a mid-infrared quantum cascade laser (QCL) source has demonstrated record sensitivities of < 50 part-per-trillion (ppt) concentration levels [8, 9] . A combination of QEPAS and CEAS (i.e. intracavity-QEPAS) together with a low-power QCL source was also recently reported for CO 2 detection, resulting in detection sensitivities in the ppt concentration range [10, 11] . Furthermore, the feasibility to employ custom-made QTFs to significantly improve the sensitivity of QEPAS acoustic detection modules was reported [12] .
With respect to the standard 32 kHz QTF, the resonance frequency of the fundamental mode was reduced to a few kHz, in order to approach the typical energy relaxation time of targeted gases [13] , while maintaining a high resonator quality factor. Both conditions can be simultaneously satisfied by an appropriate design of the QTF prong sizes. However, lowering the fundamental resonance frequency reduces also the overtone frequencies, leading to their investigation and use in QEPAS sensor systems. This is not feasible with a 32 kHz QTF, since its first overtone mode occurs at frequencies higher than 190 kHz, which is impractical for QEPAS based gas detection. In previous work [12] , we reported the first demonstration of a QEPAS sensor employing a custom-made QTF and operating in both the fundamental and the first overtone vibrational mode resonances. In this work, we compared the photoacoustic performance of three custom-made QTFs, with prong sizes designed to provide fundamental resonance frequencies of a few kHz and the first overtone mode of ≤ 50 kHz. To evaluate the custom-made QTFs acousto-electric transduction efficiency, we implemented the QTFs in a QEPAS sensor system operating in the near-IR spectral range and selected water vapor as the target gas. We compared the QEPAS signals obtained using both the fundamental and the first overtone QTFs flexural modes and in Section 2 present a detailed analysis of the dependence of the QTFs first overtone mode quality factor on the prongs' geometry.
Theory of the vibrating prongs of a tuning fork
For a QTF vibrating in its in-plane flexural modes, the prong dynamics in a direction perpendicular to the prong at the rest position can be described by the Bernoulli-Euler equation [14] :
where E = 0.72·10 11 N/m 2 and ρ = 2650 Kg/m 3 denote Young's modulus and density of the quartz, respectively, x is the direction identified by the prong at the rest position, y is the direction orthogonal to x in the QTF plane (see Fig. 1 ), I (Kg·m 2 ) and Σ (m 2 ) are the moment of inertia and cross-section area of the prong, respectively. Imposing clamped-free boundary conditions, the above equation can be solved in order to determine both the resonance frequency and the prong vibration profiles, related to the specific time-harmonic excitation. The analytic solution for the flexural vibration resonance frequencies is specified by [14] :
and the displacement along the y-axis as function of the distance from the prong base x is given by [15] :
where A is the vibration amplitude and the subscript n denotes different resonance mode numbers (n = 1 is the fundamental mode, n = 2 the first overtone mode, n = 3 the second overtone mode, etc.), L and T are the prong length and thickness, respectively. The most relevant parameter for a resonator is its quality factor Q, which is inversely proportional to the total losses. The total losses can be evaluated by considering the sum of the different factors causing energy dissipation and hence the overall quality factor for a QTF operating in air can be expressed as:
where 1/Q sup denotes the contribution due to losses at the junction, between the QTF prong's base and its support, as well as 1/Q air , which represents the extrinsic losses contribution due air damping. The factor K 0 takes into account the fraction of the collected piezoelectric charge with respect to the total generated charge, due to the partial coverage of the QTF surface by electric contacts. Support losses are due to dissipation of the prong vibrational energy through its support. Since the dimensions of the support are assumed to be much larger than those of the prong, flexural vibrations can be treated using the single cantilever beam theory. A formulation of the support losses in a QTF prong, Q sup in terms of its geometrical parameters and vibration mode is given by [15] :
assuming that the crystal width w of the QTF is much smaller than the wavelength of the elastic wave propagating along the x-axis. Q sup is mainly influenced by the ratio between the prong length and its thickness, and decreases for higher order modes. This can be explained by modeling the flexural mode vibrational profile of a resonating prong considering point forces applied on each antinode point [16] . Thus, for the fundamental flexural mode one can assume that there is only one point force, applied on the top of the prong. The higher the L/T ratio, the lower will be the mechanical stress onto the QTF support. Conversely, the overtone modes show a distribution of more point forces along the prong, implying a higher stress on the prong base.
A resonating prong in a surrounding medium can be physically treated as a solid body immersed in an airflow with a small Reynolds number (i.e., in case of laminar flow). The damping dynamics are derived from the Navier-Stokes equation and the continuity equation for incompressible fluids. When the prongs are oscillating at the n-th natural flexural frequency, the quality factor associated with the air damping Q air can be assumed proportional to the inverse of the damping ratio β n [17] : where ρ a is the air density, μ is the air viscosity. Q air increases with the resonance frequency, since the air damping effect decreases with the increasing overtone mode order n. The Q air factor is almost independent of the crystal width w, if 3/4πw 2 √(4πρ a μf n ) >> 3πμw, which implies that f n >> 4μ/(πρ a w 2 ). In our case, at an air pressure of 75 Torr and temperature of 25°C, μ = 1.81·10
−5 kg·m/s and ρ a = 0.119 kg/m 3 , which means that the above condition requires that f n >> 3 kHz. In our experiments, this approximation is only valid for the QTFs overtone modes, and hence leading to the following dependence for the Q air, overtone in terms of its geometrical parameters:
Therefore, to reduce the support losses of the overtone modes, the factor (L/T) 3 should be increased (see Eq. (5)), but without making the prongs too thin, since this may lead to a substantial increase of the air damping loss factor.
Custom-made tuning forks and their characterization
An important requirement for efficient sound wave generation in QEPAS based sensor systems is to keep f n < 1/2πτ, where 1/τ is the gas target relaxation rate. QTF resonance frequencies suitable for sensitive QEPAS based trace gas detection should be lower than 50 kHz. For example, in [18] , Ma et al. compared the performance of three QTFs having resonant frequencies of 30.72 kHz, 32.8 kHz and 38 kHz and demonstrated that by increasing f n from 32.8 KHz to 38 KHz the QEPAS sensor signal decreases by a factor of 4. According to these considerations, we designed and fabricated three QTFs providing fundamental resonance frequencies of <10 kHz, whose designs are shown in Fig. 1 . The spacing of the prongs plays a crucial role in the acousto-electric transduction efficiency. For a laser beam focused between the QTF prongs, in the approximation of cylindrical symmetry, the amplitude of the acoustic wave incident on the prong surface decays as 1/√s, where s is the distance of the QTF symmetry axis from the internal prong surface. Thus, the distance between the prongs should be kept as short as possible. However, the laser beam must not hit the QTF; otherwise, an undesirable non-zero background occurs, which can be several times larger than the thermal noise level and hence limit the final detection sensitivity. For our experiments, we designed larger prong spacings with respect to the standard 32 kHz-QTF (300 µm), with the aim to use these new QTFs in QEPAS sensor systems employing light sources having a beam shape of low quality, such as stripe diode or fiber-amplified lasers and THz lasers (with wavelengths > 30 µm). In this way, adequate focalization of such types of excitation beams between the QTF prongs is feasible.
In Table 1 are reported the calculated resonance frequencies for both the fundamental and the first overtone mode by using Eq. (1), and the correlated node and antinode positions (using Eq. (3)), together with the respective QTFs prong sizes. For the electrical characterization of the investigated QTFs, we employed the excitation and detection scheme reported in detail in [19] . In Fig. 2 , we report the QTFs resonance curves in terms of the QTF current, for both the fundamental and the first overtone flexural modes. For each QTF, the two resonance profiles were separately fitted by using pseudo-Lorentzian functions [20] , in order to determine the peak frequencies f n and the full width at halfmaximum Δf n . In Fig. 3 we report the calculated quality factor Q n = f n /Δf n as a function of f n . Fig. 3 . Quality factors of the fundamental and the first overtone resonance frequency measured for QTF#1 (), QTF#2 () and QTF#3 (). For QTF#3, the quality factor of the second overtone mode is also reported. Dashed lines serve as a visual guide. Inset: resonance profile measured for the QTF#3 second overtone mode (n = 3) at an excitation level V = 3.46 mV and at a pressure of 75 Torr in standard air.
The discrepancies between experimental and theoretical values are due to the damping of the gas, additional weight of the electrode gold layers, dependence of the elasticity modulus of quartz on the crystallographic axes orientation and deviations in geometry between the modelled and the actual QTFs [14] . The obtained results show that QTF#1 and QTF#3 exhibit higher quality factors for their first overtone mode, while the QTF#2 presents an opposite behavior. For the fundamental modes the overall quality factor dependence on geometrical parameters was phenomenologically found to be Q ~Tw/L, as reported in [19] . For the overtone modes, support losses dominate the energy dissipation processes and QTF#2, having the lowest (L/T) 3 ratio, possesses the smallest overtone mode quality factor. Even though QTF#3 has the highest (L/T) 3 ratio, its overtone quality factor is lower than that measured for QTF#1. This can be attributed to two different causes: i) the highest damping ratio β 2 affecting the vibration dynamic of QTF#3, confirming that for thin prongs (small T) air damping losses are no longer negligible; ii) the low ratio between the gold contacts area and the total surface of the prongs (75% for QTF#3 vs 90% for QTF#1, see Table 1 ), results in a lower collection of piezo-generated charges. Despite these two limitations, QTF#3 is the only resonator providing an electrical response, when excited at the second overtone mode at ∼59.4 kHz (see inset in Fig. 3 ). The higher support losses for QTF#1 and QTF#2 impede the propagation of the n = 3 vibrational mode along their prongs.
QEPAS sensing with custom-made tuning forks
The architecture of the QEPAS sensor used to investigate the custom QTFs photoacoustic performances is depicted in Fig. 4 . The radiation of a single-mode diode laser emitting at 1.37 µm was directly focused between the prongs of the QTF by means of a lens, with a focal length of 40 mm. An aluminum enclosure, equipped with two windows, was realized in order to accommodate as well as conveniently interchange the custom QTFs. The housing is filled with air samples containing a fixed concentration of 1.7% of water vapor, by using a Nafion humidifier system. The air pressure in the enclosure is regulated by a vacuum pump, a pressure controller (MKS, type 649A) and a valves system. A ZnSe focusing lens was placed at the housing entry for laser beam optical alignment between the QTF prongs. A second ZnSe focusing lens was located at the housing exit in order to collect the transmitted radiation and focus it on an infrared detector (Ophir 3A), used for the laser beam optical alignment between the QTF prongs. The electrical response of the QTF is detected using a custom-made transimpedance amplifier with a feedback resistor of 10 MΩ. The diode laser current and temperature were adjusted so that the laser optical frequency was set to 7299.43 cm −1 , resonant with the selected water line absorption, with a line-strength of 1.01·10
−20 cm/mol [21] . A sinusoidal dither was added to the laser current to provide wavelength modulation at a frequency of f n /2. The QTF electrical signal is detected at f n by means of a lock-in amplifier. The water absorption spectra are obtained by scanning the laser optical frequency, adding a voltage ramp to the laser current at a frequency of 20 mHz. The QTF electrical signal S can be expressed as [6, 22] :
where K is the sensor constant, P L is the laser power, α is the gas absorption coefficient and ε is the conversion efficiency of the absorbed optical power in the sound. The last two parameters, together with the QTF quality factor Q, depend on the gas pressure P. The sensor constant K represents the QTF efficiency in converting the acoustic pressure wave touching the internal side of two prongs into transversal in-plane deflections. These deflections can cause a stress field along the prong and the generation of electric charges via the piezoelectric effect. Hence, K is strongly dependent on the position of the laser focusing point. Therefore, the focused laser spot should be located between the two prongs along the QTF symmetry axis and in one of antinodes points of the vibration profile (where the maximum vibration amplitude is allowed). The optimum laser focusing position along the QTF symmetry axis was investigated by measuring the correlated QEPAS peak signals. Figure 5 depicts the results obtained for QTF#1, when operating at the fundamental and the first overtone mode, together with the theoretical signal profile obtained by using Eq. (3). We found that the QEPAS signal for QTF#1 was the largest when the laser beam was positioned at a 1 = 2 mm and a 2 = 9.5 mm from the top of the QTF#1 for the fundamental and first overtone mode, respectively. For QTF#2 we found that a 1 = 1.2 mm and a 2 = 5.5 mm, and for QTF#3 a 1 = 1.1 mm and a 2 = 6 mm. Note that, for the fundamental mode the optimum laser beam position is shifted towards the prong base with respect to the antinode point. This can be explained by considering that the closer to the prong top is the vertical position of the spherical-like acoustic source, the larger is the fraction of the pressure wave not hitting a prong. This decrease is in good agreement with the theoretical model proposed in [6] . For the same reason, when operating with an overtone mode, the second antinode is optimum with respect to the first antinode.
The QEPAS signal depends on the gas sample pressure. When the gas pressure decreases, the quality factor increases, while the sound propagation efficiency is lowered due to the decreased rate of gas molecular collisions. Thus, a trade-off in pressure must be found in order to maximize the photoacoustic signal S. The QEPAS peak signal for the fundamental and first overtone modes were measured as a function of the gas pressure in the range 30-170 Torr and exhibits a maximum value at 75 Torr, varying by less than 5% in the 60-100 Torr range, except for the first overtone mode of QTF#2. This different behavior is due to the substantially higher QTF#2 overtone mode frequency (41 kHz), with respect to the fundamental and overtone modes of the other two QTFs. Thus, a higher pressure is required to increase the energy relaxation time, so that the thermal waves in the gas can follow efficiently fast changes of the laser induced molecular vibration excitation. Indeed, for QTF#2 we observed a maximum QEPAS signal for the overtone mode at 120 Torr, as shown in Fig. 6 . The influence of the modulation depth on the QEPAS signal was also investigated. All QTFs resonance modes exhibit their highest signal when using a modulation depth of 0.05 cm −1 , corresponding to a 5 mA modulation amplitude value. The QEPAS spectral scans of the selected water absorption line obtained for each vibrational mode of the investigated QTFs are shown in Fig. 7 . Fig. 7 . QEPAS spectral scans of a gas mixture containing air with a 1.7% water concentration for the fundamental mode (black solid line) and for the first overtone one (red solid line) of the QTF#1 (a), QTF#2 (b) and QTF#3 (c). All scans were acquired at the laser modulation depth of 0.05 cm −1 and recorded with a 100 ms lock-in integration time.
The QEPAS spectra show that the peak values measured for the first overtone mode are higher than those obtained using the fundamental mode for the QTF#1 (~5.3 times) and QTF#3 (~2.2 times), while the QEPAS signal acquired with overtone mode of the QTF#2 is ~7.1 times lower. These results clearly demonstrate that for QTF#1 and QTF#3 operating in the first overtone flexural mode is advantageous in terms of the optimum QEPAS signal. This is a consequence of a higher quality factor for the overtone mode, with respect to the fundamental mode. The QTF gold-contact pattern used for the investigated QTFs is the standard one that maximizes the electrical-mechanical coupling for the fundamental vibrational mode. The first flexural overtone mode is characterized by two nodal points of motion of the prongs, and an optimal charge collection requires polarity changes of the electrodes along the prongs, which can be realized by an octupole gold pattern configuration.
With such an electrodes configuration, a further enhancement in the QEPAS signal for the overtone modes is expected.
Conclusions
In this manuscript, we reported a detailed investigation of the electrical and QEPAS performance of three custom tuning forks, when operating at the fundamental and first overtone modes. Our results show that the vibration energy dissipation from a prong through the QTF support is the dominant contribution to losses when the QTF vibrates in the first overtone mode. This contribution can be kept to a minimum by increasing the ratio (L/T) between the prong length and its thickness. However, when this ratio is too high, the damping mechanisms due to the surrounding medium becomes more relevant, leading to a decrease of the overall quality factor. A comparison between the QEPAS signals shows that the vibrational modes having the highest quality factor also exhibit the highest QEPAS signal. Our results demonstrated that by an appropriate design of the QTF prong geometry, overtone vibrational modes provide higher QEPAS signals with respect to the fundamental flexural mode.
